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3 Linear Equations and Functi oris”

3-1 Open Sentences in Two Variables
Objective: To find solutions of open sentences in two variables and to solve
problems involving open sentences in two variables.

Vocabulary

Open sentence in two variables An equation or inequality involving two variables.
‘Domain of x The set whose members may serve as replacements for x. . -

" Ordered pair A bair of numbers having a definite order. A solution to an open
sentence in the two variables x and y is given as the ordered pair (x, y)-
Example: The ordered pair (3, 4) is a solution to the equatlon x+ 2y =

Solution set The set of all solutions ((_)rdered pairs) that satlsfy an open sentence.

" Example 1 Solve the equation 3x + 2y = 6 if the domain of x is {~1, 0, 2}.
Solution - Substitute each value in the domain of x in the équation. Then solve for y.
- You're lookmg for solutlons of the form (—1, ‘7), (0 M, and 2, 7).
' x = —1 : x = O“; _ 7 =2 ;
. 3x + 2 = 6 3x +.2y = 6. 3x+2y=6-
3= +2y=6 C30) + 2y = 6 3(2) + 2y =,6 .
’ -3 4+ 2y =6 0+ 2y =6 6+ 2y =6
2y =9 2y = 6 2y =0
_9 y=3 y =0
y2 REPTI
. . . _ 2 "
. the solution set is {( 1, > ), 0, 3), (2, O)}.

Solve each equation if the domam of xls(a){ 1, 0 2}, and (b){ -2, 1 3}
1x—2y 1 2, —x 4+ 2y = 0. 3.3k —2y=35" 42x——y 1

Complete each ordered pair to form a solutlon of the equatlon v § .
S.x-y=3 (- 2, 1,00, (_,—1) 6. 2x + 5y = 20 (o,l) (5,_,(_‘-’,0)

7—x+y Lo 2, 73,0, 7, (L5 8ax+3y=2 (-1,2), @2 (_?_%)
Example 2  Find the value of kso that ~ ~ Solution® "~ " kx'— 2y =k
' (2, —1) satisfies the equation * k2 = 2(-1) = k-
kx — 2y = k. ‘ : 2k+2 =k
. 2%k =k-2
Lt k= =2
Find the value of £ so that the ordered pair satisfies the equation. R
9. 3% +y= k;f(-l, 2) 10. 5x — ky = 4; 2, —~3) 11. 3x +ky =k (=1, ~2)
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3-1 Open Sentences in Two Variablés (continued)

Example 3 A child’s bank contains $1 15 in dimes and quarters Find all posmbllmes

Solution
Step 1
Step 2
Step 3

Step 4

Step 5

~ Write an equation expressing the total value of the coins in cents:

Solve the equation for one variable, say d, in terms of the other.

10d + 25 = 115
2d + 5g = 23 .
2d = 23 — 5¢q
d = 23 ; Sq
Remember: The number of each 23 — 5 -
type of coin must be a whole q __2_61 d (q. 9 _
number. If g is even, then 23 — 5¢ 23 = 50)
_is odd and 4 is not a whole number. 1 — 9 1,9
Therefore, g must be an odd whole 73— 50)
number. 3 B 4 G, 9

for the number of each type of coin in the bank:"

The problem asks for the number of dimes and quarters whose total value is $1.15.
Let d = number of dimes and g = number of quarters.

The total value of 4 dimes is 10d cents and of g quarters is 259 cents.

10d + 25¢ = 115

The check is lefi for you. Ifg = 5, thend < 0.

.". the bank can contain 9 dimes and 1 guarter, or 4 dimes and 3 guarters.

In each problem (a) choose two variables to represent the numbers asked for,
(b) write an open sentence relating the variables, and (c) solve the open sentence and
give the answer. (Include solutions in which one of the variables is equal to zero.)

12. A cashier needs to refund $90 using $10 and $20 bills. Find all the
possibilities for the number of each type of bill the cashier could use.

13. Terry has 85 cents in nickels and quarters. Find all the possibilities
for the number of each type of coin that Terry could have.

14. Sam needs $1.75 in change to make a long-distance phone call from a
pay phone. He has a roll of quarters and a roll of dimes. Find all the
possibilities for the number of each type of coin that Sam could use.

Mixed Revuew Exercises

Solve each open sentence and graph each solutlon set that is not empty.

1. —2<2—-1<4 2. 2 -b] <1 3.2c+3=<5 -6
~
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3-2 Graphs of Linear Equations in Two Vanables

Objectlye To graph a linear equation in two variables.

Vocabulary

Plane rectangular coordinate system The intersection of a-
vertical number line (y-axis) and a horizontal number line -
(x-axis). A rectangular coordinate system is also called a
Cartesian coordinate system or an xy-coordinate plane.

Quadrant One of the four regions formed by the 1ntersect1ng
axes in a rectangular coordinate system.

Coordinates The ordered pair of real numbers associated with
each point in the xy-coordinate plane.
Example: The coordinates of pomt P are (—4, 2).

x-coordinate (or abscmsa) The first coordmate in an ordered
pair of real numbers. It indicates the position of a point-
along the x-axis. Example: The x-coordinate of point P is —4.

y—coordinate (or ordinate) The second coordinate in an ordered
pair of real numbers. It indicates the position of a point along
the y-axis. Example: The y- -coordinate of point P is 2.

Orlgm The point (0, 0), where_the x-axis intersects the y-axisina .

- coordinate plane.

. Linear equation in two variables Any equatron that can be written in the form'

Ax + By = C (4 and B not both 0).

Theorem The graph of every equation of the form Ax + By = C (4 and B not
both 0) is a line. Conversely, every line in the coordmate plane is the graph

of an equation of this form. '

. Symbol P(a, b) (point P with coordinates (a, b))

Second | Firsi
Quaglral'lt 4 Quadrant
P (.
R 4,2) 5 1
Origin
A | .
-4 -2 |0 2 4 |x
-2
44 1
Third Fourth
Quagrarlit Quaclirar’lt

Example 1  Graph the ordered pairs (2, 3), (3, 0), (-3,2), (4,
same xy-coordinate plane.

- 3), an

d(—1, —2) in the

D

Solution On the x-axis, the positive direction ] l |
: is to the right, and the negative | 4 32 2,3
direction is to the left. |
. o 3.,0)
On the y-axis, the positive direction o 1x
is up, and the negative direction is C CL-21 :
=T QEEREEiE

For each exercise, graph the ordered pairs in the same coordinate plane.

- (2: 6)9 (37 0)9 (_27 3)7(4, _5)3 (Os —4) . 2. (— 1, _3)9 (—4: 0)9 (_ 17 5)5 (49 O)> (3> 5)
] 5 3 : : . 3 3 .
3. (_2, _1), (09 0)9 (—la 2)9 (?9 E)a (1:- 2) 4. (—1’ —1)7 (_29 2)9 (37 3)’ (_2-95")7 (2> 2)
Study Guide, ALGEBRA AND TRIGONOMETRY, Structure and Method Book 2
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3-2 Graphs of Linear Equations in Two Variables (continued)

Example 2 - Graph 2x — 4y = 12.

Solution Two points are needed to determine a line. The graph crosses the y-axis at a
point whose x-coordinate is 0. The graph crosses the x-axis at a point whose
y-coordinate is 0. Find these two points and use them to make your graph.

Letx = 0. _ Lety = 0. y [
20) — 4y = 12 2x — 40) = 12 6.9)
-4y = 12 2% = 12 O 7 /T/ >
Solution (0, —3) Solution (6, 0) 7‘6’_3)
| |

vThe graph is the line through the points with coordinates (0, —3) and (6, 0).

As a check, note that (4, — 1) is a solution of 2x — 4y = 12 and its graph lies
on the line. To avoid errors, it’s best to use at least three points to graph a line.

CAUTION When a line passes through the origin, the method used in Example 2 will
give you only one solution. In such cases, you will have to let x equal a
number besides 0 and solve for y to find another solution.

Graph each equation.

5.x+y=6 6. x—-y=3 7.2x+y =2

8.x+3y =9 9. 3% —y=6 T 1002 ATy +14=0

1M1. 2x -3y -6 =0 12.x+y=0 13, 4x -y =20

4. y=2+x 154 — 3y =0 | 16, &~ 2y -~ 6 =0
j

17.2c + 3y =5 18.x+%y=1 "’“@y=%x+‘2

Example 3  Graph the equationy = 2 in a coordinate plane.

Solution The equation y = 2 can be y
written as Ox + 1y = 2.
The graph consists of all points y=2
having y-coordinate 2 and is 7 >

therefore a horizontal line.

Note: The graph of Ax + By = Cis a horizontal line if A = 0, and is a vertical line if B = 0.

Graph in a coordinate plane.
20.y= =2 2. x =1 22.2x+3 =0 2.2y -5=0

. Study. Guide, ALGEBRA AND TRIGONOMETRY, Structure and Method, Book 2
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3-3 The Slope of a Line

Objective: To find the slope of a line and to graph a line given its slope and a point on it.

~ Vocabulary

Slope of a line L A measure of the “steepness” of the line.
If points (x1, ¥1) and (x,, y;) are on line L, and (x; # xz),
slope of line L = fse _ 22 7 )1
fun Xy — xl

Example: The slope of line L in the diagram is
rise _ 4-—-2 _ 2 _ 1

fun 7 -1 6 3°

Coefiicient The constant (or numerical) factor of a term.
Exarmple: The coefficient of the term 5x3 is 5.

Symbol (x1, 1) (read “x one, y one” or “x sub one, y sub one”)

CAUTION A vertical line has no slope. A horizontal line has slope 0.
Having slope 0 is not the same as having no slope.

Example 1  Find the slope of the line containing the given poim—"""’— ’ ,
a. (—3,2) and 5, — 1) b. (6, —1)and (-3, ~1)
1 -2

i = _— = _3 =
Solution a. slope = 5_—(_3) = 3 | b. Slope

—1-(-1) _ 0
-3-6 -9

S the line isr horizontal.

=0

Find the slope of the line containing the given points. If the line has
no slope, write “vertical.”

’ 1. 2,3),6, =2) 2. (3, IE), O, 1)
3. (47 _Z)a (_2, 1) . 4. (_57 2)7 (—59 4)
S. (49 2): (_13 _3) 6. (—2, 3)> (45 —1)

(a2 (429, (37

9, (% —5), ©, —4) 10. (0.5, 1), (0.75, —2)

1. (r,5), (=7, —5) (r # 0) 12. (=r, =5), (=s, =) (r # 3)

Theorem  The slope of the line Ax + By = C (B # 0) is —%.

It follows from this theorem that the slope of a line is the coefficient of the

x-term when the equation of the line is solved for y: y = — %x + —g—

Study Guide, ALGEBRA AND TRIGONOMETRY, Structure and Method, Book 2
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3-3 The Slope of a Line (continued)

Example 2  Find the slope of the line 7x — 4y = 20.

Solution Method 1: Method 2: ’
The equation is written in the Solve the given equation for y.
forinAx + By_= C, where Tx — dy = 20
Therefore, the slope is - 7 _
A _ 7 _71 YT
B —4 4 The slope is the coefficient of x, %
Find the slope of each line.

B.x+y=3 M. x—-y—-—2=20 15. 3+ 2y =4 16. 3y + 2 = 9
—>17. —x =y — 6 18. 3(-2c+ =8 19. 1x—Ly=1 20X - X =
— == —~7" 3 2 ~=" 4 -6
Example 3 Graph the line through the point P(—6, 5) having slope m = — %
Solution To graph the line, start at a known point N [ ] ¥ &

and use the slope to find a second point. \\‘i(—s, 5)
m_rise__2__—2 _do%svn S 0 (-3, 3)
=M€ _ _2 - ~4 r =3
un 3 3 3 rigl?'\\

. You will start at P(—6, 5) and move 2 A O
units down and 3 units to the right to \\
reach a second point @(— 3, 3). Then ol | N~
you can draw the line through P and Q.

To find other points on the line, repeat
this process. Another point is R(0, 1).
Graph the line through point P having slope m. Find the coordinates
of two other points on the line.
21. P(—1, —2),m = 3 2. PO, 0, m= -2 23. P(1,2),m =
> 24. P3, ~1), m = —% 25. P(—=3,2), m =0 26. P(2, 2), 1o slope
Mixed Review Exercises
Complete the ordered pair to form a solution of the given equation.
L.x+2y=3,(2,1 2. x — 2y =4;(2, -5 3.4x—5yé2;(3,l)
Graph each equation.
4 x-y=3 5.4r-5=8 6.y=x 7.y-3=0 8 y=-dix_2

3

Study Guide, ALGEBRA AND TRIGONOMETRY, Structure and Method, Book 2
38 Copyright © by Houghton Mifflin Company. All rights reserved.




NAME DATE

3-4 Finding an Equation of a Line

Objective: To find an equation of a line given iis slope and a point on the Ilne
or two points, or its slope and the y-intercept.

Vocabulary

Standard form (of a linear equat.ion in two vaﬁables) The equation of a line written as
-Ax + By = C, where 4, B, and C are integers, and A and B are pot both zero.

Point-slope form The equation of a line writtenas y — y; = m(x — xl) where
m is the slope and (x;, y;) is a point on the line.

2

Example 1 Find an equation in standard form of the line containiﬂg the ‘poiﬁt
(1, —5) and having slope — %

Solution Use the point-slope form with (x;, y;) = (1, —5)and m = — %
y—n = mx — xp
_ 2
y= (=3 = ~3x~-1 Multiply both sides by 3

3y +5) = -2x— 1) to clear the fractions.

3y+15= -2x+2 o '

2x + 3y = —13 #

— —_ A _ 2
Check: 2(1) + 3(—5) = —13;m = ~3 = "3 ~f

Find an equatlon in standard form of the lme contalmng point P and hawng slope m.
(DP@ 1,m=~1 2.PG,0,m=—-2 3. P-2,1,m=0 A4 P(-1, -3, m=

s P-2.2,m=1 6 pe -tm=Lt(PGH.m= -3 8 P-1,5m=02

=1
4

Example 2  Find an equation in standard form of the line coniaining (2, —3) and (— 1, 2).

Solution Find the slope of the line: m = 2;_1.(_— ;) = _53 = ——g—
‘Next use the point-slope form with either point.
y—yn = mx — x) y=y = mx—Xx)
5 5
Y= (=3 = 36 -2 y=2= -3~ (-1
3 +3) = =-5x — 2) 3y —2) = - —5x+ 1)
-3y +9 = -5x+ 10 3y—6 = —5x—5
Sx+3y =1 S +3y =1

Find an equation in standard form of the line containing the given points.
9' (4a 6)9 (09 0) 10' (_19 3)7 (37 - 1) 11' (1’ —2)9 (—-29 - 1) 12' (7a2), (— 19 _2)

13. (=3, 1), (-4, 1) 14. 4, _3), @5 @(% %) (% 1)' 16. (% —%) (% %)

Study Guide, ALGEBRA AND TRIGONOMETRY, Siructure and Method, Book 2
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3-5 Systems of Linear Equations in Two Variables

Objective: To solve systems of linear equations in two variables.

Vocabulary

System of linear equations A set of linear equations in the same two variables.

Transformations that produce equivalent systems (systems with the same solution set)

1. Replacing an equation by an equivalent equation.

2. Substituting for one variable in any equation an equivalent expression for that variable

obtained from another equation in the system.

k]

3. Replacing any equation by the sum of that equation and another equation in the system.

Linear combination The equation that results when two linear equations are added.

the original equations. - 5(3)

b. Use the substitution method.

1. Express y in terms of x in the first
equation (since the coefficient of y is 1).

2. Substitute — 2x for y in the second X
equation. Solve for x. , x
x

3. Substitute — 1 for x in either of the
original equations to find y.

4. The check is left for you.

Example 1  Solve these systems: a. 3x + 4y = 1 T b.2x+ y=0 |
, 5« — 3y = 21 x — 3y = =7
Solution a. Find a linear combination that eliminates y.
1. Multiply the first equation by 3 and .
the second equation by 4 so that the % + 12y = 3
coefficients of y will be opposites. 206 — 12y = 84
2. Add the equations in Step 1 and solve ‘ 29x + Oy = 87
the resulting equation for x. 29x = &7
, x =3
3. Substitute 3 for x in either of the 33 + 4y =1
original equations to find y. ? 9 + 4y = 1
, 4y = ~8
y = -2
4. Check that (3, —2) satisfies both of 33) + 4-2) =1+

" 2x +y =20
y = —2x

- 3y = -7
- 3(-2x) = -7
+ 6x = -7
Tx. = =7
x = —1
-1 -3y = -7
-3y = -6

y =2

.". the solution is (— 1, 2).

3(=2) = 21 4/
.. the solution is (3, —2).

Siudy Guide, ALGEBRA AND TRIGONOMETRY, Struciure and Method, Book 2 .
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3-5 Systems of Linear Equations "in Two Variables (continued)

CAUTION The equations of a system are consistent and have exactly one solution, as in
Example 1, when their graphs are intersecting lines. NOT all systems have
one solution. '

Example 2  Solve these systems: a2xr + y= —-1—- 2 b.2y = x + 3
2x -~ 9 = 3 + & 2y —x — 6 =40
Solution a. Transform each equation into standard form. Use a linear combination.
2+ y= —1-2 a3y = —1—23 x4 9y = -3
2x — 9= 3+ & —6x — 9 =3 —6x — 9y = 3’
0=20
Since 0 = 0 is an identity, all solutions of one equation are solutions of
the other. Thus, the solution set is {(x, y): 2x + 3y = —1}. The

equations are consistent and dependent and their graphs coincide.
]

b. Solve the first equation for x, and use the substitution method.

2y = x+ 3 2y —x— 6 =20

¥ o= oy 3 SubsHE o 3 -6 =0
: . 2y -2y +3-6=20
—3 = («——— False!

Since —3 = 0 is false, the system has no solution. The equations are
inconsistent and their graphs are parallel lines.

Solve each system. If the system h:as an infinite solution set, specify it
and give three solutions. If the system has no solution, say so.

1. 2x + 5y = 41 2, 2p— g= -1 3. & + 3y =23

2x 4+ y =13 3p —49 = 6 4 — S5y =15

4. 3x + 2y = 22 5. 5x -7y = 54 6. 3d + Tc = 42

2x — 3y =26 . 2x — 3y = 22 4d + 5¢ = 30

7. 3u+4v =29 8. 2x — 5y = 2 9. 8 = 6m — 3

‘5u—8v=4 7x+%y= -1 9n = 12n + 5
G.\4x+3y=x+6 1. 36 -x=y 12. 2b =20 - b + 4
x4+ 3y—2=2 : 53—-—x)= -2y + 1 3a = a+ 3b + 4

Mixed Review Exercises
For the line containing the given points, find (a) the slope and (b) an equation in standard form.
1. (37 2)7 (—19 —6) 2. (Oo 3)3 (—172) 3. (19 —2)9 (—19 —2) 4. (Oa _2)7 (27 _1)

Find the slope and y-intercept of each line.
5. 2x -2y =6 6. 2x + 3y =9 7. —x+ 2y =4 8.y +7=0

L]
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3-6 Problem Solving: Using Systems

Objective: To use sysiems of equations to solve problems.

Example 1  An algebra test contains 38 problems. Some of the problems are worth 2
points each. The rest are worth 3 points each. A perfect score is 100 points.
How many problems are worth 2 points?
Solution
 Step I  The problem asks for the number of 2-point problems on the test.

Step 2 Let a = the number of 2-point problems on the test.
Let » = the number of 3-point problems on the test.

Step 3 Set up a system of two equations.
Total number of problems on the test is 38. ——  a°'+ b = 38
Total point value of the test is 100. — 2a + 3b = 100

Step 4  Solve the system. Multiply the first —2a — 2b = 76
equation by —2 to eliminate the g’s, and 20 + 3b = 100
solve for b. Then substitute b = 24 in b = 24
either of the original equations and
solve for a. a + 24 = 38

a = 14

There are 14 problems worth 2 points each
and 24 problems worth 3 points each.

Step 5  Check your answer against the 6rigina1 problem.
The test contains 38 problems: 14 + 24 = 38
A perfect score is 100 points: 2(14) + 324) = 28 + 72 = 100
.". 14 problems on the test are worth 2 points.

Solve.

1. Tickets for the Senior Prom cost $25 for a single ticket and $40 for a
couple. Ticket sales totaled $3800 and 110 tickets were sold. How
many tickets of each type were sold?

2. A cashier had to give Sarah $3.45 in change but he had only quarters and dimes
in the cash register. If he gave her 15 coins, how many dimes did she receive?

Vocabulary

Air speed The speed of an aircraft in still air.

- Wind speed The speed of the wind.

Tail wind A wind blowing in the same direction as the path of the aircraft.

Head wind A wind blowing in the direction opposite to the path of the aircraft.

Ground speed The speed of the aircraft relative to the ground.

With a tail wind: ground speed = air speed + wind speed.
With a head wind: ground speed = air speed — wind speed.

Study Guide, ALGEBRA AND TRIGONOMETRY, Structure and Method, Book 2
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3-6 Problem Solving: Using Sys'tems (continued)

Example 2  With a tail wind, a plane traveled 840 miles in 3 hours. With the same wind,
. as a head wind, the return trip took 30 min longer. Find the planes air speed
and the wind speed.

Solution
Step 1  The problem asks for the plane’s air speed and the speed of the wind.

Step 2 Letp = the air speed of the plane in miles per hour.
Let w = the wind speed in miles per -hour.

Step 3 Use the formula rate X time = distance to construct a table.

Rate % Time ‘= Distance
(ground speed in mi/h) (hours) (miles)
With tail wind pt+w 3 . 3p+w
With head wind - 32 or L I
ith head win p—w 50T > Z(pv w)
The distance with a tail wind is 840 mi. 3(p + w) = 840
The distance with a head wind is 840 mi. %(p’ - w) = 840.
Step 4  Solve the system.
3(p + w) = 840 is equivalent to: p+w = 280
%(p — w) = 840 is equivalent to: s ' D “w = 240
p = 520
p = 260

3260 + w) = 840
260 + w = 280
w = 20

The solution is (260, 20).
Step 5 The check is left for you.

". the air speed of the plane is 260 mi/h and the speed of the wind is 20 mi/h.

Selve.

3. With a head wind, a plane traveled 840 miles northward in 2 hours.
With the same wind as a tail wind, the return trip southward took 1
hour and 45 minutes. Find the plane’s air speed and the wind speed.

4. With a tail wind, a small plane traveled 420 miles in 1 hour and 30
minutes. The return trip against the same wind took 30 minutes
longer. Find the wind speed and the air speed of the plarie.

Study Guide, ALGEBRA AND TRIGONOMETRY, Siructure and Method Book 2
a4 Copyrlght © by Houghton Mifflin Company All rights reserved.




NAME DATE

3-7 Linear Inequalities in Two Variables

Objective: To graph linear inequalities in two variables and systems of such inequalities.

Vocabulary

Linear inequality in two variables A sentence obtained by replacing the
equals sign in a linear equation by an inequality symbol (>, <, =, or =<).
Examples: 4x — 7y = 5, and x < 9y.

Solution of an inequality in two variables An ordered pair of numbers that
satisfies the inequality, or makes it true. Example: (5, 9), (0, 0),
and (— 1, 2) are solutions of the inequality y < 2x + 4.

Associated equation The linear equation obtained by replacing the
inequality symbol in a linear inequality by an equals sign. Example: The
associated equation of the inequality y > 2x + Sisy = 2x + 5.

Open half-plane The set of all points on one side of a given line (the boundary).
The boundary appears as a dashed line because it is not included in the graph.

Closed half-plane An open half-plane together with its boundary.
The boundary appears as a solid line because it is included in the graph.

System of linear inequalities A set of linear inequalities in the same two variables.
The graph of such a system is the set of points satisfying all of its inequalities.

Example 1  Graph x > —1 in a coordinate plane.

Solution The graph of the associated equation x = —1 =
is the boundary. Since x is greater than —1, 1
the boundary line is dashed. A point belongs : —
to the graph of the inequality if and only if its O i=x
x-coordinate is greater than — 1. This means
that you must shade the points to the right of
the boundary line.

Example 2  Graph 3x — 2y = 6.

Solution Solve the inequality for y.

3x—2y = 6
-2y = =3x + 6

y = =x—3

Graph the associated equation y = %x -3

as a solid line. The graph of the inequality is
a closed half-plane that includes this
boundary and the points below it.

Study Guide, ALGEBRA AND TRIGONOMETRY, Siructure and Method, Book 2
Copyright © by Houghton Mifflin Company. All rights reserved.




NAME ' DATE

3-7 Linear Inequalities in Two Variables (continued)

CAUTION Don’t assume that you should shade below for an inequality having the symbol <,
and above for the symbol >. This is only true when an inequality has been solved
for y in terms of x. A safer way to determine which side of the boundary to shade
is to test a point on either side of it. The origin, (0, 0), is a convenient point o
use. If the point you test satisfies the inequality, you shade the region containing
that point. If not, shade the opposite region.

Graph each inequality in a coordinate plane. .
l.y=1 2.x+2>0 3. x—-y=0 4. 2x <y
S5.x+y<2 6. 3x —y =<1 7. 4x —y =2 8. 3x + 4y > 8
9.5x =2y <6 10. 2x < =32 - y) 11.ys——;—(5x—4) 12. 4(x + 2) > 3y + 2
Example 3  Graph this system: 2x + y =2
x—y >0
Solution As in Example 2, solve each ineqguality for y. Ay —
, , Ry —
2x + y < 2 y < —=2x +2 i jz
.x—y>0 y<x ___Hi___iﬂ___'#_o
L1 [} —
Graph y < —2x + 2, showing the boundary RN
as a solid line. In the same coordinate plane, : AN
graph y < x, showing the boundary as a T ‘3;
dashed line. The graph of the system is the ' \
region where the two graphs overlap. Ei X
Note: The points on the solid boundary are part of the solution set.
The points on the dashed boundary are not.

Graph each system of inequalities.

13.y=1 4, x+y<0 15, y<2x-1 16. 2x+y=3 17.5x - 2y < 10
y<x+1 2x —y >0 1-y=0 2x —y =3 2x — 5y > 10

Mixed Review Exercises

Each system has a unique solution; find it.

1.4x — y =2 2. 2x - 3y = —1 3. -2x+ y=90
x—2y=4 x+ y=7 3x + 2y = =7

Find an equation in standard form of the line through P having the

given slope m. Then graph the line.

4. P(—-1,49), m =2 5. P3,5), m=0 6. PO,O),m= -2

7. P(~5, —1), m = % 8. P(=2,3),m = --;_i 9. P(2, 1), no slope
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3-9 Linear Functions

: Vocabu|ary

NAME : . DATE

- Objective: To find equatlons of linear functions and to apply propertles of linear functlons ST

g

Linear function A function f that can be-defined by f{x) = mx + b where x, m,
and b are any real numbers. The graph of f is the graph of y = mx + b,
a line with slope m and y- mtercept b.

Constant function A linear function where m = 0. Its equatlon is flx) =

Rate of change of f(x) A number that tells you how much j(x) changes for any
given change in x. In a linear function fix) = mx + b, the constant m is the:
rate of change. The rate of change can be computed usmg the formula: -

change in f(x) :

tate of change m = : : :
change in x _ _ '

Exampie: If f{x) decreases by 3 when x increases by 5, then m =- ;53— = - —i—

Example 1  Find equations of the linear functi.ons; g and h using the. given information.

a.m= —2and g(3) =5 . b k() = 4and K(—2) =
Solution a. Since g is linear and m = —2, sub- |
stimte —2 for m in g(x) = mx + b.]—#g(x) = —-2x +b.
g(3) = 5 means that g(x) = 5 when]fo 5= =-23)+b
x = 3. Substitute and solve for b 5= -6+b
=6 - 7

gx) = —Zx + 11 :

b. Since 4 is linear, h(x) = mx + b. First yoﬁ'need to find m.
_ changeinh(x) = k(1) — k(=2)= 4= 10 ' -6 T

change in x 1-(=2 1 +? -3 ?‘-’_2 et

Substitute. —2 for m in A(x) = mx-+ b.——h(x) = —2x + b <0 ot

To find the value of b, uSe either—— " "4 = —2(1) + pot R

h(l)—4orh( 2) ] e Cod = =2 +h oy

: ‘ ) N s G =oh e s

h(x) —2x+6 o B T
Find an equation of {he linear function f using thé given information.
l.m=4,b=1 2. m= —-2,b=3 \
3. fi0) = 1, slope of graph = —3 . 4. f0) = 3, slope of graph = —% bemy TR
5. fl0) = —2; fix) increases by 12 o 6. f0) =.—1; fix) decreases by 2 .. ., . .
when x increases by 3 ) _ © whenx mcreases by 3

7. m=6,f1) =35 8. m= — j(3)—2 . 9f(1)—3f( 2)

10. {-3) = LA2) = 2 11. fd) = —5, (~3) = 12. f=3) = 5,f2) =
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NAME - : DATE

3-9 Linear Functions (continued)

Example 2  The prom committee asked a local restaurant to cater the semor'prom The
restaurant charges $1700 for a buffet for 100 people. It charges $2450 for a
buffet for 150 people.

a. Write a linear function to describe this situation.
b. Find the cost of a buffet'for 175 people.

Solution a. Let fin) = the cost of 2 buffet for n people.
Since f is linear, f{n) = mn + b.

To find the values of m and b use the facts that f100) = 1700 and v
f(150) = 2450 to.write a system of linear equations: '

A100) = 100m + b = 1700
K150) = 150m + b = 2450

Multiply the first equation by —1 Substitute 2 in one of the original

- and solve for m. * equations and solve for b.
—100m — b = —1700 -~ 100(15) + » = 1700
150m + b = 2450 1500 + b = 1700
50m = 750 b = 200
m= 15 '

. fin) = 152 + 200

" b. Substitute n = 175 in the eciuation obtained in part (a).
AA75) = 15(175) + 200 = 2625 + 200 = 2825
.". the cost of a buffet for 175 people is $2825.

Solve the following problems. Assume that each sitnation can be
described by a Linear function... '

13. An electrician charged $90 for a two-hour job and $140 for a four-hour job. At
this rate, how much would be charged for an eight-hour job? - '

14. The relationship between hours spent studying and the average grade on an algebra
exam was found to be a linear function. The average grade for students who spent
1 hour studying was 76, and it was 88 for students who spent 3 hours studying.

a. What was the average grade for students who spent 4 hours studying?
b. How many hours of studying would have resulied in an average grade of 807 -

Mixed Review Exercises

. Graph each open sentence in a coordinate plane. _
1.2x —~y>3 2.y = —x . 3.x-3=<0 4. x — 3y < —4

Find the range of each function with domain D.
5. g:x>3~22 D= {2, 1,0} 6. f) = x| +3,D = {~2, ~1, 1}
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3-8 Functions

Objective: To find values of functions and to graph functions.

Vocabulary

Mapping diagram A diagram such as the one on the 4right that N £ N
pictures a correspondence between two sets. : :

Function A correspondence between two sets, D and R, that 3d .15
assigns to each member of D exactly one member of R.
Functions are sometimes specified by a rule. The rule for
the function in the diagram is “double the number and
subtract 1.”

Domain The domain of a function is the set D. In the
diagram, D = {integers}.

Range The range of a function is the set of all members of R \__/ \__/
assigned to at least one member of D. In the dlagram D R
R = {odd integers}.

Values of a function Members of the range of the function.

Graph of a function The set of all points (x, y) such that x_ is in the domain of
the function and the rule of the function assigns y to x.

Arrow notation Notation used to describe the rule of a functlon
Example: The arrow notation for the function in the dlagram is f x—=2x — 1.
This is fead “f, the function that assigns 2x — 1 to the number x.”

Functional notation Another type of notation used to describe the rule of a function.
Example: The functional notation for the function in the diagram is f{x) = 2x — 1.
f(3) = 5 is read “the value of the function fat 3 is 5” or “fof 3 i§ 5.”

Example 1  Given f: x » x2 — 3x with domain D = {-1,0,1,2,3}.
a. Find the range of f. ] b. Graph the funcuon
Solution a. Make a table showing the numbers that b. Graph the ordered pairs
the rule of f assigns to each member of from the table.
the domain.
x . @y i
-1 |(—=1)2 - 3(—1) =4 (—1,4) *
0 02 -30)=0 ©, 0) .
| 12Z-3)=-2|, -2 | .
2 -22 -32)= =2| @, -2 ot 1
3 32 - 3(3) =0 3, 0 o
The range R is {4, 0, —2}.
Note: You list each member of the range only once. .
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3-8 Functions (continued)

Find the range of each function given the domain D and the rule of
the function.

1. Fx—>3x—2D={-1,0,1,2}

2. G:x—dxr +2,D = {0, 1,2, 3}
3.¢:x=-3—-x;D=1{0,1,2, 3}

4 fx—>2+1;D = {-2, -1,0, 1}

5. hx—-4 —4x + x5 D = {0,1,2,3, 4}
6. :x—->2x2 —3x + ;D= {-1,0,1, 2}
7.8x—2x —x*;D = {-2, —1,0,A1,2}
8. Hx—»x3—x5D={-1,0,1,2}

9. h:x—|x —2|;D={0,1,2,3, 4}

10. fx—|x| —x;D={-2,-1,0,1,2}

11-20. Graph the functions in Exercises 1-10.

Example 2  Give the domain of each function.

3 5
a. flx) = ——— b. = c. hix) =+vVx + 1
fo. = = 80 = 5 ) =V
Solution Begin with the set of real numbers. Then eliminate any of these that don’t

produce a real number when substituted into the rule for the function.

a. The expression is not defined when the denominator equals

2x -5
zero, in other words, whenx = Oorx = 5.
. D = {all real numbers except 0 and 5}
b. There is no real number thaf will make the denominator zero, since
x2 > 0 for all real numbers.
. D = {real numbers}
c. The expression vVx + 1 is defined only when x + 1 = 0, otherwise
there would be a negative number inside the sqguare root symbol.
D= {xix= -1}

Give the domain of each function.

21. ﬂX) =x+ 7 22, g(JC) = S i 1 23. h(JC) = (,X'T):s(x”)—
2. F) = —— 5 25. G(x) = N2x — 1 26. Hix) = V2 + 6
T
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3-10 Relations

Objective: To graph relations and to determine when relations are also functions.

Vocabulary

Relation Any set of ordered pairs. The set of first coordinates in the ordered
pairs is the domain; the set of second coordinates is the range.

Example: The set {(1, 2), (3, 4), (3, 5)} is a relation, where D = {1, 3} and R = {2, 4, 5}.

Function A relation in which different ordered pairs have different first coordinates.

Example: The set {(0, —1), (2, 3), (5, 9} is a function. The set {(1, 2), (3, 4), (3, 5)} is not.

Vertical-line test A test to determine whether a given relation is a function. This
test says that a relation is a function if and only if no vertical line can intersect
its graph more than once.

Symbols {(x, y: |x| + |y| = 1} (An example of set notation for ordered pairs. It reads

“the set of all ordered pairs (x, y) such that x| + |y| = 1.”)

L e ———

CAUTION A relation can contain different ordered pairs with the same x-value or y-value.
A function can contain different ordered pairs with the same y-value, but ror
with the same x-value. (The latter are points on a vertical line.)

Example 1  Give the domain and range of each relation, and tell whether it’s a function.

a. y b. y
o X
o x
Solution a. The domain is {x: —2 < x =< 2}, since the graph goes from —2 to 2 with

respect to the x-axis. The range is {y: 0 < y < 4}, since the graph goes
from O to 4 with respect to the y-axis. The relation is a function, since
each value of x in the graph is paired with exactly one value of y.

b. The domain is {x: —1 < x =< 1}, since the graph goes from — 1 to 1 with
respect to the x-axis. The range is {real numbers}, since the graph spans
the entire y-axis. The relation is nor a function, since it includes different
ordered pairs with the same first coordinate, like (1, 1) and (1, 2).

Give the domain and range of each relation graphed below. Is the relation a function?

1. y } 2. ¥ 3. ¥ 4.y

x
/ 0 X 0 - o ( X
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3-10 Relations (continued)

Example 2  Graph the relation {(2, 1), (3, — 1), (2, 3), (=1, 2), (=3, 0)}, and tell whether
it is a function. If it is not a function, draw a vertical line that intersects the
graph more than once.

Solution y : The relation is not a function. The vertical
- line x = 2 intersects the graph at two points,
‘ (2, 1), and (2, 3).
o T_

Graph each relation. Then tell whether it is a function. If it is not a
function, draw a vertical line that intersects the graph more than once.

5' {(2’ 1)5 (O’ 0)9 (25 2)} 6' {(—29 1)7 (09 1), (27 1)}
7. {3, 1), (2, —'1), 0, 0), (-1, 2)} 8. {(—2,2), (—.1, 2), (0, 1), (=2, 1)}
9. {(-1,2),3, —1), (2, =2), (-1, —=2)} 10. {(1,3), 3, -1, 1A, =1, (=2, —1)}

a

Example 3 In the relation {(x, y): |x| + |y] = 3 and |x| =< 1}, x and y are integers.
_Find the domain D of the relation and draw its graph. Is the relation a function?

Solution Since x is an integer and |x| < 1, the domain is the set of integers within one
unit of the origin, so D = {—1, 0, 1}. Use a chart to find the ordered pairs
for the graph. It will be easier to use the equivalent relation |y| = 3 — |x|.
x |yl =3~ |4 y 7
-1 |l ly=3-]-1=2|20r -2 it
0 ly| =3 - 10| =3 3or -3
1 lyl =3 = |1] = 2 20r —2 17) x
o
Since a vertical line, such as x = — 1, intersects the graph T i
at more than one point, the relation is not a function.

CAUTION To find the domain of a relation that is defined by a conjunction, as in Example 3, be
sure to consider both open sentences. For example, if x is an integer, the domain of
{x: |x| = 1 and |y| = x} cannot include — 1 since |y| is always nonnegative.

In each relation below, x and y are integers. Find the domain of the
relation and draw its graph. Is the relation a function?

1 {¢, y: |x| + |yl = 2and x| = 1} 12. {(x, y: |yl = xandx = 2}
13. {(x,: |x]| = yandy < 2} 4. {(x, y): x| = |yl and |x| = 3}
15. {&x, »: |x + y| = Oand |x| = 3} 16. {(x, »): [yl + |xl = 2and |y| = 1}
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